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with the observed heat of fusion of lead, 1.3 kcal.mole-L 
Some free-energy curves calculated in this way are 
given in Fig. 9, and the corresponding phase diagram is 
represented in Fig. 10. The discrepancy in the lead-rich 
.region between the theoretical liquidus and solidus 
curves and the experimental ones is probably due to the 
fact that : the  occupancy of the position O, 0, 0 by lead 
atoms alone could not be retained at  very small per- 
centages of thallium; the dilute alloys may well have 
a random or nearly random replacement of lead atoms 
by  thallium atoms in all positions. 

There seem to be many binary metallic systems in 
which there are phases of this sort. In  the sodium-lead 
system there are two such phases. One of them, based 
on the  ideal structure NaaPb, extends from 27 to 30 
atomic percent lead, with its maximum at about 28 
atomic percent lead; and the other, corresponding to 
the ideal composition NaPba, extends from 68 to 72 
atomic percent lead, with maximum at about 70 atomic 
percent. The intensities of X-ray reflection have 
verified tha t  in the second of these phases sodium atoms 
occupy the positions 0, 0, 0, and the other three posi- 
tions in the unit cell are occupied by lead atoms 
isomorptiously replaced to some extent by  sodium 
atoms (Zintl & Harder, 1931). These two phases are 
interesting in tha t  the ranges of stability do not 
include the pure compounds NaaPb and NaPba. 

I t  seems likely tha t  there are many other phases of 
this sort. Among them is probably the ~ phase of the 

mercury-thall ium system, extending from 21 to 32 
atomic percent thallium, and with maximum melting- 
point at 28 atomic percent thallium; this phase, which 
usually is described as having the ideal composition 
HgsT12, presumably should be described as having the 
ideal composition HgaT1. 

We express our gratitude to Prof. J. H. Sturdivant 
for his help in this work. The investigation was carried 
out with the aid of a grant from the Carbide and 
Carbon Chemicals Corporation. 
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Physical  Properties o f  Crystals: The Direct-Inspect ion M e t h o d  

BY I~AUSTO G. FUMe*, 

Department of Physics, University of Illinois, U rbana, Illinois, U.S.A. 

(Received 26 December 1950 and in revised form 22 May 1951) 

The independent non-zero components of physical properties of crystals can be obtained by 
dire~ inspection in all crystal classes in which one can find Cartesian orthogonal co-ordinates that 
do not transform into linear combinations of themselves u~der the symmetry operations, i.e. in 
the groups S:-]:; Clb-m, C2-2, C2b-2/m; C~2mm,  D2-2~2, D~b-mmm; C4--4, $4---4, C4b--4/m, 
C4o--4mm, D~--42m, Da-42, Da~,--4/mmm; C8-3, Se-~, C8~3m; T-23, Tb--m3, T~--43m, 0-432, 
Oa-m3m. 

The method is applied to a general third.order tensor (polar or axial) in C8, Se, C8~, T~, 0, Oh; 
to a fourth-order polar tensor t~, (r, s=  1, 2, 3, 4, 5, 6) in Ca, Sa, Cab, C8, Se, T, Tb (correcting the 
erroneous results of Pockels on photoelastic constants); and to a sixth-order polar tensor t~z= ta~ 
(i, k, l= 1, 2, 3, 4, 5, 6) in monoelinic and orthorhombic groups and in Car, D2~, I)4, Dab. 

1 

Some of the components of tensor properties of matter  
are zero in crystalline bodies and some are equal be- 

tween themselves owing to the symmetry of the 
system. This reduction is additional to the reduction 
of components of a general tensor of a given order, 

* Now at the Institute of Theoretical Physics, University of Milan, Milan, Italy. 
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already intrinsic in the definition of a particular 
physical property. 

Methods for determining the independent non-zero 
components of tensor properties in crystals are 
given in various text-books (Pockels, 1906; Love, 
1906; Voigt, 1910; Mathieu, 1945; Cady, 1946; 
Wooster, 1949; Mason, 1950); they are lengthy and alge- 
braically involved. Hermann (1934) has simplified the 
equations that  one obtains imposing invariance on each 
component by using the principal axes of the sym- 
metry operations, generally complex. Jahn (1949) and 
Bhagavantam & Suryanarayana (1949) have treated 
the problem by group theory; however, their methods 
do not enumerate the independent non-zero com. 
ponents and represent only a way of checking their 
numbers. The main successes achieved by Bhagavan- 
tam (1942; see also Bhagavantam & Suryanarayana, 
1947) with his method consisted in detecting errors in 
the number of photoelastic constants attributed by 
Pockels (1906) to many crystal classes, and in the 
number of third-order elastic coefficients attributed by 
Birch (1947) to T~-43m. His results were confirmed by 
Jahn (1949). 

Here we shall show that  the components of tensor 
properties can be listed by direct inspection in 23 crystal 
classes: the method eliminates any algebraic calcula- 
tion, and so the possibility of errors. 

2 
The tensor properties of crystals can be classified 
according to their transformation behaviour under 
proper and improper rotations of the Cartesian ortho- 
gonal frames; in such reference frames the covariant 
and controvariant representations coincide. In- 
spection of the tensor transformation equations 
(Wooster, 1949, chap. 1, § 1) shows that  the com- 
ponents of a tensor transform under proper rotations 
as do products of co-ordinates; the order of the pro- 
ducts coincides with the order of the tensor, and the 
particular product of interest for a certain component 
coincides with the index of the component (e.g. the 
component tz~z~ of a fourth-order tensor transforms as 
does xyzg). There are tensor properties (polar) whose 
sign is determined by the standard sense along 
directions in space; for others (axial) the sign is deter- 
mined by the standard sense 'of rotation around 
directions in space. Thus the components of polar pro- 
perties transform as do products of co-ordinates also 
under improper rotations; the transformation equa- 
tions for components of axial properties under im- 
proper rotations, however, differ from those for pro- 
ducts of co-ordinates by a factor - 1. 

The components of tensor properties of crystals must 
be invariant under the symmetry of the crystal, i.e. 
under the generating elements of its symmetry group. 
Therefore all the components of polar properties whose 
index changes sign under a proper or improper sym- 
metry operation, and all the components of axial pro- 

perties whose index changes sign under proper sym- 
metry operations, or remains invariant under improper 
ones, vanish; all components of polar properties of odd 
order and all components of axial properties of even 
order vanish identically in centrosymmetrical crystals, 
while the components of polar properties of even order 
and of axial properties of odd order are centrosym- 
metrical by nature. The components of polar and axial 
properties whose indices transform into one another 
under symmetry operations are equal and not inde- 
pendent; the sign relation is the same one for the 
indices for polar properties and for axial properties 
under proper symmetry operations, the opposite one 
for axial properties under improper symmetry opera- 
tions. 

Clearly the independent non-zero components of 
physical properties of crystals can be obtained by 
direct inspection for all classes in which one can find 
orthogonal Cartesian co-ordinates that  do not trans- 
form into linear combinations of themselves under the 
symmetry operations of the crystal, i.e. for the groups 
Sg-i; Cl~-m, Cn-2, C~h-2/m; Cg~-2mm, D~-222, 
Dea-mmm; C4-4 , $4-~ , Cah-4/m, C4v-4mm , De~--42m, 
Da-42, D4a-4/mmm; Ca-3, S0-3, Ca~-3m; T-23, Ta-m3 , 
Tx-43m, 0-432, Oa-m3m. The reference frames to be 
used coincide with those commonly applied for the 
triclinic, monoc|inlc, orthorhombic, tetragonal and 
cubic classes, but not for Ca, S o and Ca~. The results 
obtained are directly comparable with those given in 
the literature, except for the trigonal classes; for these 
only the number of components is the result im- 
mediately useful. 

We shall index tensor components with Voigt's 
(1910) convention starting with the digit referring to 
the first member of the defining equation. Wooster 
(1949) uses the opposite convention; one must keep 
this in mind in comparing results. 

3. Applications 
(a) Third-order tensor to, t (i, k, l=  1, 2, 3) 

tzxx tx~ tzzz  tx~z tzz~ tzzx tzxz tzz~ tz~z~ 

t , , ,  t,~,~, t,,, t,~, t,,~, t,,~ t,,, t,,~, t~z,,~! 

C a x->y, y ~ z ,  z-->x. (2) 

There is no difference between a polar and an axial 
tensor since there are no improper rotations. The in- 
dependent components are nine: 

txzz=t~=tzzz tx~=t~z~=tzxx txzz=t~,xx=t~,~,~ 
tx~z=t~=tzz~, tx~v=tvz~=t~ t~z=t~,z~,=t~,z.. (3) 

The addition of a center of symmetry 

i x - > - x ,  y - > - y ,  z - > - z  (4) 

Symmetry Ca: 
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leads to S¢, introducing a substantial difference be- 
tween a polar and an axial third-order tensor; for the 
first, all the components vanish; for the second, they 
satisfy the same relations (3). 

Symmetry C3v: 

C a x - > y ,  y ->z ,  z ->x ,  (2) 

~ x ->x ,  y ->z ,  z ->y .  (5) 

For a polar third-order tensor four additional relations 
hold among the nine components (3): 

t ~  = t~z~ t ~ , ~ = t ~  t ~  = t ~  t~z  = t ~ ,  (6) 

so that  one has five independent components. For an 
axial third-order tensor there are five additional re- 
lations among the nine components (3): 

t ~  = - t = ~  t ~  = - t ~  t ~  = - t ~  

t ~ = - t ~  t ~ = - t ~ , .  (7) 

The first~ of these requires 

t ~ = t ~ u = t ~ z ~ = O .  (7') 

The number of independent non-zero components is 
four.* 

Symmetry Ta: 

~ z->y, y->z, z->z, (2) 
C 3 - x - > y ,  y--->z, z--->-x, (8) 

y ->z ,  z ->y .  (5) 0" d X - ~  X ,  

A polar third-order tensor has only one independent 
non-zero component: 

t~,z=t~z,.  (9) 

The other non-zero components for symmetry Car 
vanish owing to the relations imposed by C~: 

tzz ~ = -- t~u~ tzu ~ = -- tuzz txz z = -- tuxu tx~ z = -- tvu z . 

For the same reason also an axial third-order tensor has 
only one independent non-zero component: 

t x ~  = - t~z ~ . ( 1 0 )  

* An axial third-order tensor has not  been considered either 
b y  Bhagavantam & Suryanarayana (1949) or b y  Jahn  (1949). 
We here apply Bhagavantam's  method to give the numbers of 
its components in C~ and T d to show tha t  they agree with 
our results. The character of a rotat ion or of a rotation- 
reflection of an angle ¢ around z, in the reducible representa- 
tion based on the 27 components of the ~ensor is given by  

8 c o s  n ¢ + 12 c o s  ~ ¢ + 6 c o s  ¢ _+ l 
(Bhagavantam & Suryanarayana, 1949). The character tables 
of interest are 

Cnv: E 26'3 3o'~ 
27 0 1 

Ta: E 8C~ 3C~ 6 ~  6S~ 
27 0 --1 1 --1 

To obtain the numbers of independent components we must  
look for the number  of times tha t  the irreducible representa- 
t ion symmetric in proper rotations and ant isymmetric  in 
improper ones is contained in these reducible representations: 
the results are 

Car, 4; T a, 1. 

Symmetry 0 n (T  a × i = 0 × i) is equivalent to T a for 
an axial third-order tensor while it equates to zero all 
the components of a polar one. Symmetry 0 is equi- 
valent to Tn for an axial third-order tensor and there- 
fore also for a polar one since it~ does not distinguish 
between the two, not containing any improper rota- 
tion. 

(b) Polar fourth-order ~ensor t i ~ = t ~ a ~ = t ~ , m  (i, k, l, 
m = 1 , 2 ,  3) 

Examples are photoelastic constants and piezo- 
optical effect (Szivessy, 1929; Pockels, 1906), piezo- 
resistive effect (Cookson, 1935), thermal conductivity 
under stress (Pockels, 1906), dielectric constant under 
strain (Pockels, 1904-22): 

txxxx txxvu txxzz txxvz txxzz "txxx~ 
tu~x~ tvv w tu~zz t~vvz tvvz~ tw~ ~.1 

I 

( 1 1 ) 
tuzxx t~z~u t~zzz  t~zvz t~zz~ tu~xul. I 

Symmetry ~ :  
Ca x - > y ,  y - > - - x ,  z-->z. (12) 

The independent non-zero components are 10: 

t ~  = - t u ~  t ~  = t ~  t ~  
t ~  = - t ~  = 0 t ~  = t ~  t~=x  = - t ~  " 

t ~  - -  - -  t ~  t~vzz = - -  t ~ z z  = 0 t ~ w  ~ 

(~3) 
The 16 components with indices odd in x or in y 
vanish. Symmetries C~h (Ca × i =  Sa × i) and S~ are 
equivalent to C a . 

Symmetry Ca: 

Ca x - > y ,  y ->z ,  z ->x .  (2) 

There are 12 independent components: 

t x ~ = t ~ = t z z z z  txxv~=t~z=tz~x~ tx~uz=tuuzx=t~u I 
t ~ z ~ = t ~ = t ~  t ~ u = t u ~ = t ~  t u ~ = t ~ = t ~ x ~ .  
t u ~ = t ~ = t ~  t ~ = t ~ = ~  =t~u~ t u ~ = t ~ = t ~ u u ~ { "  

(14) 
Symmetry S e = C a × i is equivalent to C 3. 

Symmetry T: 
t 

C 3 x - > y ,  y ->z ,  z ->x ,  (2) 

C~ -x ->y ,  y->z, z-->-x. (8) 
Eight of the 12 components for 6'3 vanish owing to the 
presence of C~: 

t ~  = - t ~ = t ~  t ~ =  - t ~  = - t ~ . ~  (15) 
t ~ u u  = - t ~  = - t ~  t u ~  = - t ~ x  = - t~uv~ " 

Symmetry T h = T × i is equivalent to T. 
The groups C4, $4, G~h; Ca, $6; T, T h are seven of the 

ten crystal classes for which Bhagavantam (1942), by 
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group theory, has found errors in the number of 
photoelastic constants given by Pockels (1906); the 
other classes are Ca~, Cs, CCa. Here this result (plus the 
explicit enumeration of the constants) is immediately 
obvious. 

(c) Polar sixth-order tensor* ti~t=tit~ (i, k, l=  1, 2, 3, 4, 
5, 6) 

An example is the photoelastic coefficients (Bhaga- 
vantam & Suryanarayana, 1949). 

The total number of components as they appear in 
the defining equations is 6 × 21 = 126. They are: 

t ~ x ~ z ~  t x ~ v y  t ~ x x z z  txxxx~z t x~xz~  
txxxzxy t~xyyvv txxyyzz txzyvvz tzxyyzx 
ta~cyyt~y txa~zzzz txxzzvz txxzzzx txzzzxy 
t ~  t ~ x ~  t ~  t ~  t x ~  

tyyxxz~ t~yxzxy tyyyyyy tyyyyzz tyvyyy z 
t v ~ z  t ~ v ~ v  tuvzzzz t~zzvz Q~zzz~ 
tu~zz~v t~ zv z  t~vzzz tv~vz~ t~vz~zz 

t:::::: t=:::: t:::::,, t::::~,~, t=::= 
t::~::: t:::::: t:::::: tz:== t:::::: 

t~zxxzz tl+zxxvz t~zx~zx tvzxzxv t~zyy~  
t~yyzz  tvzvv~z t~zyvzx tvzvvxv tyzzzzz 
tuzzzvz tvzzzzz tuzzzxv t~zvzvz tvzuzzz 
t~zvzzy t~zzxzx t~zzzxy t~ z~xv  tzxxxxx 

t:::::: t:x~::z tz::~:: t::vv:: t:::::: 

t ~ = =  t ~ = ~  t ~ =  t ~ = ~  t ~ = ~  
t~y~xxx tx~,x~yv txvxxzz txyzxyz txvx~zx, 

txyyyxy txyzzzz txyzzyz t~vzzzx txvzz~y 
t~vyzyz t~vyzz~ t~yyz~v t~vzxz~ t~yz~v  

(16) 

For symmetry C~a: 

~ x-+x,  y - + - y ,  z-+z,  (17) 

the 58 components with indices odd in y must vanish" 

txxxxy z -~ txxxxxy --~ tx~yyy z ~ txxyyxy -~- tx~zzy z ---- txxzzxy 
= t~cyzz ~ = t~xz~y  = tyyx~y z ~ tyy~a~y = tyyyyy z ~ tyyyy~y 
= t ~  = t ~ z ~  = t ~  = t ~  = t ~ x ~  = t ~  

= tyz~z~ ~ -~ tyz~xyy = tvzz~zz ---- tvzxxzz ---- tvzyvvy = tyzyyzz 
-~ tyzyyzx -~ tyzzzz z -~ tyzzzz x ~ t y z y z y  z ~ tyzyza~y -~- tyzzxz  ~ 
= t ~ x ~  = t~=~z = t~====~ = t ~  = t~=~=~ = t~=~ 
= t,~zz ~ = t ~ z  = t ~ x ~  = t ~  = t ~ x ~  = tz~z~z 
= t~yz~cz x = txyyyyy ~ txyyyzz ~ txyyyzx ~ tzyzzzz ~ txyzzzx 
= t ~ z ~  = t ~ , ~  = t ~  = t ~  = 0.  (18)  

Symmetries C~ (Cx~ x i = C~ × i) and C~. (C~. = C~ (y)) are 
equivalent to Cx~. 

* A simpler type of polar sixth-order tensor (the third- 
order elastic coefficients) has been discussed by the writer 
elsewhere (Fumi, 1951). 
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For symmetry C~: 

~r~ x - + - x ,  y -+y,  z->z, (19) 

~ '  x ->x,  y - + - y ,  z-+z, (17) 

also the 29 components with indices odd in x vanish: 

txxxxzx ~ txx, yyzx " -~ txxzzzx --~ t~cxyz~y ~-- tyyxxzx ~ tyyyvz x 
= t ~ = ~  = t ~  = t ~ =  = t ~  =tz=== = t = ~  
= t v ~ x ~  = t v ~ v  = t ~ z ~  = t ~ v ~  = t ~ x ~  = t ~  

= t~==~ = t z ~  = t ~  = tz~== = t ~  = t ~ = ~  
= t ~  = t ~ z  = t ~ z  = t~,~=~ = t ~ , ~  = 0. (20) 

Symmetries D2h (C2~ × i = D~. x i) and D n are equivalent 
to Cn~. 

For symmetry Ca~: 

C a x-+y,  y - + - x ,  z->z,  (12) 

~ x-+x, y - > - y ,  z-+z,  (17) 

the independent non-zero components are 22 since 
Ca imposes that  the 29 non-zero components for 
symmetry C~h having indices odd in x vanish and 
that  

txxxxxz -~ tvyyvyy t~cxxxyy ~ tyyxxy v txxxxzz -~ tyyvyzz 

tz~w~ ~ = t~wxx ~ t~z~zz =t~vxxzz txxzzzz = twzzz z 

] 

txxvzvz = tvvzxzx txxzxzx ~ tyyvzy z txxxvxv ~ tvyxvxu 

t~z~ w =t~vv~  t ~ y ~  = t ~  ty~z~y~ = t ~ z ~  

(21) 

Symmetries D4a (Ca. x i = D~.~ x i = D a x i), D~g and D a 
are equivalent to Car. 

The writer is indebted to the reviewer, Prof. P. P. 
Ewald, for his interest in the paper and to his colleague 
Dr R. Shuttleworth for useful discussion. He wishes to 
thank Prof. Bhagavantam of Osmania University, 
India, Dr Mason of the Bell Telephone Laboratories, 
U.S.A., and Dr Mathieu of the University of Paris, 
France, for reading critically the manuscript of the 
paper and making suggestions. 

Note added in proof, 29 October 1951. Since this 
manuscript was circulated in September 1950 Dr Mason 
(1951, Appendix I) has published a paper which profits 
somewhat from ideas presented in it; however, Mason's 
procedure and results should be criticized. The number 
of symmetry conditions imposed is redundant since 
the independent symmetry elements of Td (and of O) 
are only 2. Two orthogonal quaternary axes, e.g. C4(x), 
C4(y ), are sufficient to obtain the independent non-zero 
components of the sixth-order tensor Rabc(a , b, c = 1, 2, 
3, 4, 5, 6) (216 components) in O: Tg and O h are 
equivalent to 0 for polar properties of even order. 
The 156 components odd in x, y or z vanish; the re- 
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maining 60 components are connected by  the following 
relations:  

111 = 222 = 333 

121 = 131 =212  = 232 = 313 = 323 

1 2 3 - 1 3 2  = 213 = 231 = 312 = 321 

155 = 166 = 2 4 4 -  266 = 344 = 355 

441 = 552 = 663 

442 =443  = 551 = 553 = 661 = 662 

112 = 113 = 221 = 223 = 331 = 332 

122-- 133 = 211 = 233 = 311 = 322 

144 = 255 = 366 

414 = 525 = 636 

424 = 434 = 515 = 535 = 616 = 626 

456 = 465 = 546 = 564 = 645 = 654 

I f  .Rabc=1~bao (126 components) these 12 independent  
components reduce to 9 in agreement  with Bhaga-  
van t am ' s  result  (Bhagavan tam & Suryana rayana ,  
1949). To obtain  the independent  components of the 
tensor N one mus t  s ta r t  f rom those of R~b ~ =~ Rbae: 
t hey  are 111, 112, 122, 123, 414, 424, owing to the 
possibility of  interchanging a t  random the last  four 
indices. The results obtained by  Dr  Mason for the 
~ensor N are incorrect. 

Correspondence with Dr  Mason on this m a t t e r  is 
acknowledged. 
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Crystal-Structure Determination by Means of  a Statistical Distribution of 
Interatomic Vectors 

• BY H.  I~AUPTMa~ a_WD J .  

U.S. Naval Reaearch Laboratory, Washington, D.C., U.S.A.  

(Received 16 January 1951) 

The structure-factor equations are interpreted as coupled, closed-vector polygons. This inter- 
pretation permits the application of the random-walk problem to yield the probability distmibution 
of the structure factors and of the co-ordinate differences between specified pairs of atomic centers 
in the case of rigid crystals. In  practice the intensities must  be corrected for m'brational motion. 
All crystals may  be treated with the probability formula for the general asymmetric case, and the 
symmetry which exists in the crystal will automatically be obtained. Probability distributions 
which makeuse  of an a pr/or/knowledge of the crystal symmetry m a y  also be obtained, and the 
case of the centrosymmetric crystal is worked out in detail. The relationship between the prob- 
ability distribution for the interatomic vectors and the Patterson synthesis is derived. 

A mathemat ica l  analysis ( H a u p t m a n  & Karle,  1950a, 5; 
Kar le  & H a u p t m a n ,  1951) of the  crystal-s t ructure 
problem shows t h a t  the  atomic co-ordinates are 
generally great ly  overdetermined by  the  observed X- 
r a y  intensities, provided the  atomic scattering factors 
are known. This calls for a procedure which leads from 
the  experimental  da t a  directly to the  atomic ce. 

ordinates. I n  this paper  a stat ist ical  method  will be 
described which appears  to m a k e  efficient use of the  
observed intensities a n d  the  known atomic scat ter ing 
factors.  

F r o m  the  geometric point  of view, the  s t ructure-  
factor  equat ions m a y  be regarded as a sys tem of 
coupled, closed-vector polygons, t h e  sides of  each of 


