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with the observed heat of fusion of lead, 1-:3 kcal.mole~1.
Some free-energy curves calculated in this way are
given in Fig. 9, and the corresponding phase diagram is
represented in Fig. 10. The discrepancy in the lead-rich
‘region between the theoretical liquidus and solidus
curves and the experimental ones is probably due to the
fact that the occupancy of the position 0, 0, 0 by lead
atoms alone could not be retained at very small per-
centages of thallium; the dilute alloys may well have
a random or nearly random replacement of lead atoms
by thallium atoms in all positions.

There seem to be many binary metallic systems in
which there are phases of this sort. In the sodium-lead
system there are two such phases. One of them, based
on the ideal structure NagPb, extends from 27 to 30
atomic percent lead, with its maximum at about 28
atomic percent lead; and the other, corresponding to
the ideal composition NaPb;, extends from 68 to 72
atomic percent lead, with maximum at about 70 atomic
percent. The intensities of X-ray reflection have
verified that in the second of these phases sodium atoms
occupy the positions 0, 0, 0, and the other three posi-
tions in the unit cell are occupied by lead atoms
isomorphously replaced to some extent by sodium
atoms (Zintl & Harder, 1931). These two phases are
interesting in that the ranges of stability do not
include the pure compounds Na,Pb and NaPb,.

It seems likely that there are many other phases of
this sort. Among them is probably the ¥ phase of the
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mercury—thallium system, extending from 21 to 32
atomic percent thallium, and with maximum melting-
point at 28 atomic percent thallium; this phase, which
usually is described as having the ideal composition
Hg,Tl,, presumably should be described as having the
ideal composition Hg,TI.

We express our gratitude to Prof. J. H. Sturdivant
for his help in this work. The investigation was carried
out with the aid of a grant from the Carbide and
Carbon Chemicals Corporation.
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Physical Properties of Crystals: The Direct-Inspection Method

By Fausto G. Fomr*,
Department of Physics, University of Illinots, Urbana, Illinois, U.S.A.

(Recetved 26 December 1950 and in revised form 22 May 1951)

The independent non-zero components of physical properties of crystals can be obtained by
direct inspection in all crystal classes in which one can find Cartesian orthogonal co-ordinates that
do not transform into linear combinations of themselves under the symmetry operations, i.e. in
the groups S;-1; Cy—m, C32, Cy~2/m; Cp—2mm, D222, Dy—mmm; Ci4, Si—4, Cydim,
Cy4dmm, Dy 42m, D42, Dy—4[mmm; Cy3, S¢3, Cs-3m; T-23, T,-m3, T,43m, 0432,

Ox—m3m.

The method is applied to a general third-order tensor (polar or axial) in Cg, Sg, Csy» T3, O, Oy;
to a fourth-order polar tensor ¢,, (1, 8=1, 2, 3, 4, 5, 6) in 0y, S,, Ca, Cs, Ss, T, T, (correcting the
erroneous results of Pockels on photoelastic constants); and to a sixth-order polar tensor ¢;;,=1¢;;
(¢ k, 1=1, 2, 3, 4, 5, 6) in monoclinic and orthorhombic groups and in Cy,, Dyg, Dy, Dyp.

1

Some of the components of tensor properties of matter
are zero in crystalline bodies and some are equal be-

tween themselves owing to the symmetry of the
system. This reduction is additional to the reduction
of components of a general tensor of a -given order,

* Now at the Institute of Theoretical Physics, University of Milan, Milan, Italy.
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already intrinsic in the definition of a particular
physical property.

Methods for determining the independent non-zero
components of tensor properties in crystals are
given in various text-books (Pockels, 1906; Love,
1906; Voigt, 1910; Mathieu, 1945; Cady, 1946;
Wooster, 1949 ; Mason, 1950); they are lengthy and alge-
braically involved. Hermann (1934) has simplified the
equations that one obtains imposing invariance on each
component by using the principal axes of the sym-
metry operations, generally complex. Jahn (1949) and
Bhagavantam & Suryanarayana (1949) have treated
the problem by group theory; however, their methods
do not enumerate the independent non-zero com-
ponents and represent only a way of checking their
numbers. The main successes achieved by Bhagavan-
tam (1942; see also Bhagavantam & Suryanarayana,
1947) with his method consisted in detecting errors in
the number of photoelastic constants attributed by
Pockels (1906) to many crystal classes, and in the
number of third-order elastic coefficients attributed by
Birch (1947) to T';43m. His results were confirmed by
Jahn (1949).

Here we shall show that the components of tensor
properties can be listed by direct inspection in 23 crystal
classes: the method eliminates any algebraic calcula-
tion, and so the possibility of errors. ’

2

The tensor properties of crystals can be classified
according to their transformation behaviour under
proper and improper rotations of the Cartesian ortho-
gonal frames; in such reference frames the covariant
and controvariant representations coincide. In-
spection of the tensor transformation equations
(Wooster, 1949, chap. 1, § 1) shows that the com-
ponents of a tensor transform under proper rotations
as do products of co-ordinates; the order of the pro-
ducts coincides with the order of the tensor, and the
particular product of interest for a certain component
coincides with the index of the component (e.g. the
component £,,,, of a fourth-order tensor transforms as
does xyz?). There are tensor properties (polar) whose
sign is determined by the standard sense along
directions in space; for others (axial) the sign is deter-
mined by the standard sense of rotation around
directions in space. Thus the components of polar pro-
perties transform as do products of co-ordinates also
under improper rotations; the transformation equa-
tions for components of axial properties under im-
proper rotations, however, differ from those for pro-
ducts of co-ordinates by a factor —1.

The components of tensor properties of crystals must
be invariant under the symmetry of the crystal, i.e.
under the generating elements of its symmetry group.
Therefore all the components of polar properties whose
index changes sign under a proper or improper sym-
metry operation, and all the components of axial pro-

perties whose index changes sign under proper sym-
metry operations, or remains invariant under improper
ones, vanish; all components of polar properties of odd
order and all components of axial properties of even
order vanish identically in centrosymmetrical crystals,
while the components of polar properties of even order
and of axial properties of odd order are centrosym-
metrical by nature. The components of polar and axial
properties whose indices transform into one another
under symmetry operations are equal and not inde-
pendent; the sign relation is the same one for the
indices for polar properties and for axial properties
under proper symmetry operations, the opposite one
for axial properties under improper symmetry opera-
tions.

Clearly the independent non-zero components of
physical properties of crystals can be obtained by
direct inspection for all classes in which one can find
orthogonal Cartesian co-ordinates that do not trans-
form into linear combinations of themselves under the
symmetry operations of the crystal, i.e. for the groups
S8p-1; Cym, Cy2, Cy-2/m; Cyy-2mm, Dy-222,
Dyy—mmm; Cy—4, S;4, Cy—4/m, Cypdmm, D,r42m,
D42, Dy—4/mmm; C4-3, Sg-3, Cy,-3m; T-23, T\—m3,
T +43m, 0432, 0,~m3m. The reference frames to be
used coincide with those commonly applied for the
triclinic, monoclinic, orthorhombic, tetragonal and
cubic classes, but not for Cy, S; and C,,. The results
obtained are directly comparable with those given in
the literature, except for the trigonal classes; for these
only the number of components is the result im-
mediately useful.

We shall index tensor components with Voigt’s
(1910) convention starting with the digit referring to
the first member of the defining equation. Wooster
(1949) uses the opposite convention; one must keep
this in mind in comparing results.

3. Applications
(@) Third-order tensor by, (i, k, 1=1, 2, 3)

t:c:c:c t:wy tzzz t:wz ta:zv t:cz:c thz tz:w t:wa:

tvzz vy tvzz th tuzy tvz:c tvzz tu:w tﬂw: j * (1)

tzzz tzm/ 222 tzuz tzzv tzzx 222 z2Y (277
Symmetry Cj:

C, x>y, Y-z, z—>x. (2)

There is no difference between a polar and an axial
tensor since there are no improper rotations. The in-
dependent components are nine:

bove =byyy=tszz bovv =Yy =bas lppe= - Layy

ove =byse =iy  luay=tys= bave  tree=lysy =l J - (3)

oz = twa: =ty ta:zv = th =tz boye= byoy =lizs

The addition of a center of symmetry
) rT—>—z,

Yy=>—y, 2>-2 (4)
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leads to Sg, introducing a substantial difference be-
tween a polar and an axial third-order tensor; for the
first, all the components vanish; for the second, they
satisfy the same relations (3).

Symmetry Cs,:
C; x>y, y—>z, 2>z, 2)
o, x>%, Y->2, 2>Y. (5)

For a polar third-order tensor four additional relations
hold among the nine components (3):

oo =tony> (6)
8o that one has five independent components. For an

axial third-order tensor there are five additional re-
lations among the nine components (3):

boyy=tozs Y2y =leay lrsx=luye

byv= "tz toyy= —luzz loue= —loay
boze=—loyz lozz™= —lugy. (7)
Fhe first of these requires
b = byyy =ti2z =0, (7)

The number of independent non-zero components is
four.*

Symmetry 7'4:
Cy x>y, yY->2, z2->%, 2)
Oy —x—>y, y—->z, z2->—r, (8)
oy T>T, Y—>2z, z2->Y. (5)

A polar third-order tensor has only one independent
non-zero component:

bove="buzy - (9)
The other non-zero components for symmetry C,,
vanish owing to the relations imposed by Cj:

booe= —byuy Tavy=—lysz lose= —lyzy o= —lyyo-

For the same reason also an axial third-order tensor has
only one independent non-zero component:

boys= —lazy- (10)

* An axial third-order tensor has not been considered either
by Bhagavantam & Suryanarayana (1949) or by Jahn (1949).
We here apply Bhagavantam’s method to give the numbers of
its components in C;, and T'; to show that they agree with
our results. The character of a rotation or of a rotation-
reflection of an angle ¢ around 2, in the reducible representa-
tion based on the 27 components of the tensor is given by

8cos®p+12cos? p+6cospt1

(Bhagavantam & Suryanarayana, 1949). The character tables
of interest are

C,: E 20, 30,
270 1

T,: E 8C, 3C, 60, 68,
270 —11 -1

To obtain the numbers of independent components we must
look for the number of times that the irreducible representa-
tion symmetric in proper rotations and antisymmetric in
improper ones is contained in these reducible representations:
the results are

Cyp 4 T4 1.

Symmetry O, (T3x ¢=0 x t) is equivalent to T4 for
an axial third-order tensor while it equates to zero all
the components of a polar one. Symmetry O is equi-
valent to 7', for an axial third-order tensor and there-
fore also for a polar one since it does not distinguish
between the two, notv containing any improper rota-
tion.

(b) Polar fourth-order tensor tqm="4tram=tim (¢, &, I,

m=1, 2, 3)

Examples are photoelastic constants and piezo-
optical effect (Szivessy, 1929; Pockels, 1906), piezo-
resistive effect (Cookson, 1935), thermal conductivity
under stress (Pockels, 1906), dielectric constant under
strain (Pockels, 1904-22):

ta:wxa: tmx‘yy twuz t.‘cmvz t:cmza; tzz:w
tﬂﬂlm tTHI‘UV tﬂ yzz t1"l1lz t?"/z% tﬂ"zil
tz?/$$ tzzml tzzzz tzzyz tzzz:c tzzmy N (1 1 )
tUZZZ ti/z’"l tyzzz t?lzﬂz tvzzx t’l/zﬁ]l
tzzzx tzﬁ'll?l tzzzz tza:ﬂz tza:zz tzzzv
t‘ﬂlmz tzlllﬂl tzﬂzz tz'II’UZ tamza; tZ’IIG’!/
Symmetry C,:
C, x>y, y->—=z, z->z. (12)

The independent non-zero components are 10:

[ ——— Looyy =lyye oz =byyes

bovoy = —byyay boswe =izyy |
bisgy = —biagy= 0 byzyz =logae e
bovee = — ta:wu boyar = — tawzz =0 —

(13)

The 16 components with 1ndJces odd in z or in ¥
vanish. Symmetries C,;, (Cyxi=8,%x1%) and S, are
equivalent to C,.
Symmetry Cj:
C,q x>, z—>x. )

y—>z,
There are 12 independent components:

bonoe=byyyy =z Comyy=lyyzz =lozez lzzys —tyyz:c=tzzacu

L2 thy":tzzyz tac:ca:y‘—"tww:tzzz:c byyoa= tzzw =Vpena

t"lzﬁm Zx‘yy t@yzz tvzzm _tzaczz _t:cwca; tﬂzzz _tzzzz_tzww

tyzyz =tz "‘tacww tvzzz —tzzaw—t:cwz tyzzv=tzamz =ta:yza:
(14)

Symmetry Sg=C, x ¢ is equivalent to Cj.
Symmetry 7T':

C; x>y, Y-z, z->z, 2)
Cy —x—>y, y—->z, z2->—=. (8)

Eight of the 12 components for C; vanish owing to the
presence of Cyg:

tmxvz == thz =—luny lowsr=lyyzy tzzyz
Logay = — byyz =lazze o= — tzzyv —oyas (15)
tyzyy ==l = — tzw;a: t'yzzz =- tzzzw ta:mm
Lysze = —bowny =tuyys byroy=lozye = —loyu

Symmetry T, =T x ¢ is equivalent to T'.
The groups Cy, 84, Cyp; Cs, Sg; T, T',, are seven of the
ten crystal classes for which Bhagavantam (1942), by
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group theory, has found errors in the number of
photoelastic constants given by Pockels (1906); the
other classes are Cy,, Cy, Cy, . Here this result (plus the
explicit enumeration of the constants) is immediately
obvious.

(¢) Polar sixth-order tensor* t;,=t, (1, k,1=1, 2, 3, 4,

5, 6)

An example is the photoelastic coefficients (Bhaga-
vantam & Suryanarayana, 1949).

The total number of components as they appear in
the defining equations is 6 x 21 =126. They are:

t i v t i t 3
tzxm:czv taxcyvvy t:c.'wvzz ta:mnnlz trmmzz
tﬂx‘![ YTy tza:zzzz tZZZZ vz ta:zzzzx ta;a:zz:w
tzzyzvz tzzvzz:z: txawz:w twwzaczz tzxza:zv
ta::can/a:u tvw:wxa: tﬂ?/xz’l/?l t?ﬂlwwzz tyya:zyz
tuw:xzz tw/a:mam t!ﬂl’l‘ﬁﬂl’y twwzz tﬂﬂiﬂl Yz
tmwvzz t1/1/ YUXY thzzz tm/zzuz tﬂyzzzz
thzm/ twmzuz twmzzz t’Vilﬂzx’V tvyz:cz:c
tﬂlvzman/ tvw:wm tzza;a;a:w tzzwamy tzzzmzz
f L 17 tZZ!I’U’U” tzzwlzz
tzZ?/?”IZ tzz?l YzZx tzzw/ Y tzzzzzz tzzzz'l/z
:ZZZZZQ zzzzzrw :zz?/Z‘]/Z ;ZZ”ZZ% %zﬂza:v f (1 6)
222222 Zz2020Y ZzZ2YTY Y2XLLX YIXXYY
tvza;a:zz tvzaxwz tﬂzxmzm tﬂzzzaﬂ/ t1lz1/1"/7l
tvzwzz t’VZUV'lIZ t'l/zﬂ Yze t’MZU yxy t?IZZZZZ
t t ! t’VZilZﬂlz tﬂzwzw
t1/z1/zaw ! 2 f f
tzzza:m[ f f f tza:zxam
tzm!ﬂ“ﬂl tzwﬂvzz tZﬁ?ﬂ/ﬂZ tz:wyzm tzZVT/Z”
L, t, Y f t tzwwvz
tZZ’UZZZ tza:vzan/ f f t”
tzva;zmz t:wa:mw twvm:zz t:cwo:wz tmvzzzz
taw:cza:v t¢1/1l1l1l’ll tEV’VVZZ ta;wwz t:cuwzac
tdﬂ"ﬂlmv t:zn/zzzz twvzzuz tawzzzz ta:yzz:w
ta:vuzyz t:mn/zz:c tmuuzxv tawza:zm tZUZZZV e
twwn/ Y

For symmetry C,,:

oy, >z, Y->-—Y, 2->2, (17)

the 58 components with indices odd in ¥ must vanish:

tmzzw = tza:a;zmv = ta:awwz = tmcwa:y = taca:zzvz Sl 7~
=loayzar = bazaway = byyzave = byyooey = byvyyve = buvvyay
=byyozy: = byverwy =lyyyzen = thma:v =tsnave =luzozay
R baveve =bizzay =lasyzes = LA

L byewzyy = byawazz yomaze = Lyzvwry = buzyuaz

=byoyver =byzszzz = byrezzs =Yyapzve =byzvewy = —

= tvza:ya:y =lrovys = bovazay = tzawwz tz:cwmv = tzmzzw
= tzzzzzy = tz:wzz:v = tzmzmam = tzv:czma: = ta;‘ya:zyﬂ = taw:cmzz
=byyaran = bryyyyy = boyvuer =Coyvvse =tovmzz =loyzrs

=boyyeys =Loyyery = Laysuoe =tryayay = 0. (18)
Symmetries Oy, (Cy, x ¢=Cy x 1) and C, (C,=C, (y)) are
equivalent to C,,.

* A simpler type of polar sixth-order tensor (the third-

order elastic coefficients) has been discussed by the writer
elsewhere (Fumi, 1951).

For symmetry C,,:

o, r->-—x, z>2, (19)

(17)

¥=>Y,

o, T, Yy—->—y, 2->2,

also the 29 components with indices odd in x vanish:

boomasn = t:ca:wzm =l rnroae = t:ca:yzxv = tvvzzzx = t1/1n/vzz

= thzzac = twvzrw =tamn = tzzwzz =trrrazz = tzzyzaw

=byareey = Lyryyay = bysvzey =Yyzvaze =izvaas =1, rxTYY

=lrrwes ZTYYYY tz:z:vvzz =bimaze = tzu/zw ] -

(20)

=lnayey = boyzaye = Loyyyye = bovarve =bayomay = 0.

Symmetries Dy, (C,, X i =D, x 1) and D, are equivalent
to C,,.

For symmetry C,,:
Cy >y, Y->—=x, z->2, (12)
o, T, Y>—y, 2>z, (17)

the independent non-zero components are 22 since
C; imposes that the 29 non-zero components for
symmetry C;, having indices odd in x vanish and
that

=tyyseyy  Lovwers =byyvyz

t =t

xX2222
Cenzyoy = buyoyzy (21)

TrTTTT twww t:ca:a:xw

TYYVY = thzzw tzmwzz Yyyrezz Yyyzzzz

t

t

bowvav: =lyvewse  Loocsser =Yyyvane
t

=boyvaz  iovey: =bizzwea
=t t ={,

t
2LLLLL =tzzm/m/ L—

tvz:zxwz =tza:wzx tvzww

Yyooeoy =iayery  Loyzzay = boyyyay

Symmetries Dy, (Cgp X t=DygX =Dy x 1), Dyy and D,
are equivalent to Cy,.

The writer is indebted to the reviewer, Prof. P. P.
Ewald, for his interest in the paper and to his colleague
Dr R. Shuttleworth for useful discussion. He wishes to
thank Prof. Bhagavantam of Osmania University,
India, Dr Mason of the Bell Telephone Laboratories,
US.A., and Dr Mathieu of the University of Paris,
France, for reading critically the manusecript of the
paper and making suggestions.

Note added in proof, 29 October 1951. Since this
manuscript was circulated in September 1950 Dr Mason
(1951, Appendix I) has published a paper which profits
somewhat from ideas presented in it ; however, Mason’s
procedure and results should be criticized. The number
of symmetry conditions imposed is redundant since
the independent symmetry elements of 7', (and of 0)
are only 2. Two orthogonal quaternary axes, e.g. C,(x),
C,(y), are sufficient to obtain the independent non-zero
components of the sixth-order tensor R, (a,b,c=1, 2,
3,4, 5, 6) (216 components) in O: T; and O, are
equivalent to O for polar properties of even order.
The 156 components odd in z,y or z vanish; the re-
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maining 60 components are connected by the following
relations:
111=222=333

121=131=212=232=313=323
123=132=213=231=312=321
155=166=244 — 266 =344 =355
441 =552=663

442 =443 =551 =553 =661 =662
112=113=221=223=331=332
122=133=211 =233 =311=322
144 =255 = 366

414=>525=636

424 =434=>515="535=616=626
456 =465 =546 =564 =645=654

If R,.=R,,, (126 components) these 12 independent
components reduce to 9 in agreement with Bhaga-
vantam’s result (Bhagavantam & Suryanarayans,
1949). To obtain the independent components of the
tensor N one must start from those of Ry, = Byt
they are 111, 112, 122, 123, 414, 424, owing to the
possibility of interchanging at random the last four
indices. The results obtained by Dr Mason for the
tensor N are incorrect.

Correspondence with Dr Mason on this matter is
acknowledged.
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Crystal-Structure Determination by Means of a Statistical Distribution of
Interatomic Vectors

" By H. HAupTMAN AND J. KARLE
U.S. Naval Research Laboratory, Washington, D.C., U.S.A.

(Received 16 January 1951)

The structure-factor equations are interpreted as coupled, closed-vector polygons. This inter-
pretation permits the application of the random-walk problem to yield the probability distribution
of the structure factors and of the co-ordinate differences between specified pairs of atomic centers
in the case of rigid crystals. In practice the intensities must be corrected for vibrational motion.
All crystals may be treated with the probability formula for the general asymmetric case, and the
symmetry which exists in the crystal will automatically be obtained. Probability distributions
which make use of an a priori knowledge of the crystal symmetry may also be obtained, and the
case of the centrosymmetric crystal is worked out in detail. The relationship between the prob-
ability distribution for the interatomic vectors and the Patterson synthesis is derived.

A mathematical analysis (Hauptman & Karle, 1950a, b;
Karle & Hauptman, 1951) of the crystal-structure
problem shows that the atomic co-ordinates are
generally greatly overdetermined by the observed X-
ray intensities, provided the atomic scattering factors
are known. This calls for a procedure which leads from
the experimental data directly to the atomic oco-

ordinates. In this paper a statistical method will be
described which appears to make efficient use of the
observed intensities and the known atomic scattering
factors.

From the geometric point of view, the structure-
factor equations may be regarded as a system of
coupled, closed-vector polygons, the sides of each of



